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The paper is about the structure of the tame kernel K2 (O) for certain quadratic
number fields. There has been recent progress in making explicit the 4-rank of the
tame kernel of quadratic number fields and even in obtaining results about the
8-rank. The emphasis of this paper is to determine the 4-rank of the tame kernel
in definite terms. Our characterizations are in terms of positive definite binary
quadratic forms X2+32Y 2, X2+2pY2, 2X2+ pY2 over Z. The results make
numerical computations readily available, and the characterizations might generate
some interest in ‘‘density results’’ concerning the 4-rank of tame kernels.  2001
Academic Press
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1. INTRODUCTION
The tame kernel of an algebraic number field with ring O of integers is
the Milnor K-group K2 (O). This paper is on the 4-rank of the finite abelian
group K2 (O) for quadratic number fields whose discriminants have exactly
two odd prime divisors p, l. We investigate the case p#7 mod 8, l#1
mod 8 with ( lp)=(
p
l)=+1.
In this situation, the general algorithms described in [1012] require the
solution of an indefinite norm equation. The main point of our paper is to
characterize the possible values of the 4-rank of the tame kernel in positive
definite terms. The determination of the 4-rank of K2 (O) essentially reduces
to checking which ones of the positive definite quadratic forms X2+32Y 2,
X2+2pY 2, 2X2+ pY 2 represent a particular power of l over Z; compare
Theorems (5.2) to (5.5).
Sections 2 and 3 are purely number theoretic. In Section 2 we analyze
the unique unramified cyclic degree 4 extension of Q(- &2p). In Section 3
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we then develop the representation of a particular power of l by positive
definite binary quadratic forms over Z, the main tool of our approach.
The connection to K-theory is being made in Section 4 where quadratic
symbols from this approach and from [1012] become related to each
other. The main results then drop out in the four theorems in Section 5.
For fields Q(- & pl), a version of result (5.4) was stated in [9] via the
approach from [8]; we are pleased that in this paper also the imaginary
fields Q(- &2pl) as well as the real fields Q(- pl), Q(- 2pl) can be
handled in a unified way.
In Section 6 we have made an effort to illustrate our results numerically.
We are led naturally to ask questions about ‘‘densities’’ concerning the
4-rank of K2 (O) for fields considered in this paper and in more generality.
Only little do we know. Yet, this K2 -problem can be considered to be an
analog of the most classical K0 -problem of investigating the structure, in
particular 2-power-ranks, of ideal class groups of number fields.
2. AN UNRAMIFIED CYCLIC EXTENSION
Let p be a prime, p#7 mod 8, and consider the imaginary quadratic field
K=Q(- &2p). The 2-primary subgroup of the ideal class group C(K) of
K is cyclic of order divisible by 4, see e.g. 18.6, 18.4, 19.6 in [6]. Thus the
Hilbert class field of K contains a unique unramified cyclic degree 4 exten-
sion N over K. Let us determine it.
We begin with the real quadratic field L=Q(- 2) with ring of integers
OL=Z[- 2], group of units O*L , and fundamental unit ==1+- 2 of norm
&1. The field L has narrow class number h+ (L)=1. Since p#7 mod 8, the
prime p splits in L over Q and so has two extensions Pp | p and P*p | p to L.
Lemma 2.1. If Pp /OL is an extension of p to L, then Pp has a generator
?=a+b - 2 # OL , unique up to multiplication by the square of a unit in O*L ,
for which NLQ (?)=a2&2b2=&p and the dyadic prime DL /OL is
unramified in L1=L(- ?) over L.
Proof. Since h+ (L)=1, there is a generator a+b - 2 # OL for Pp | p
such that a2&2b2=&p. Clearly a is odd. Then &p#1#1&2b2 mod 8
and thus b is even.
We can choose a generator ?=a+b - 2 satisfying, for some ’ # OL ,
?=1+4’ and a#1 mod 4 if b#0 mod 4
?=2=1+4’ and a#3 mod 4 if b#2 mod 4;
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just notice that (a+b - 2)(3+2 - 2)=3a+4b+(2a+3b) - 2 with 3a+4b
#1 mod 4 and 2a+3b#0 mod 4 if a#3 mod 4 and b#2 mod 4.
Thus the dyadic prime DL /OL is unramified in L1=L(- ?) over L.
If ?1 is a second such generator for Pp | p of norm &p, then we have
?1=?u for some u # O*L with NLQ (u)=+1. Either u is totally positive or
totally negative. Since h+ (L)=1 we conclude u=v2 or u=&v2 for some
v # O*L . However DL ramifies in L(- &1) over L, so the only possibility is
?1=?v2 for some v # O*L . K
If Pp | p in (2.1) is replaced by its conjugate ideal Pp* | p, then we clearly
can replace the generator ?=a+b - 2 of Pp with ?*=a&b - 2.
Because of NLQ (?)=&p, the normal closure of the degree 4 number
field L1=L(- ?)=Q(- 2, - ?) over Q is given by the degree 8 number
field N=Q(- 2, - ?, - & p) over Q.
Consider the diagram of relative quadratic extensions:
N=Q(- 2, - ?, - & p)
 |
Q(- 2, - & p) L1=Q(- 2, - ?)
" |
L=Q(- 2)
|
Q
Lemma 2.2. The quadratic extension N=Q(- 2, - ?, - & p) over Q(- 2,
- & p) is unramified.
Proof. In the normal extension N over Q the only ramified rational
primes are 2, p, and the infinite prime.
The prime 2 is ramified in L over Q, but p is not. The dyadic prime DL
in L is not ramified in L1=L(- ?) over L, by (2.1). Moreover, the only
primes of L ramified in L1 over L are Pp | p and a real infinite prime of L.
In particular, Pp* | p is not ramified in L1 over L.
Since &p#1 mod 8, every dyadic prime in L1 splits in N=L1 (- & p)
over L1 and every extension of Pp* | p to L1 ramifies in N over L1 .
We have observed: in the normal extension N over Q the rational primes
2 and p both have ramification index e=2. Now, the intermediate field
Q(- 2, - & p) is totally complex and 2, p have ramification index e=2 in
Q(- 2, - & p) over Q. Thus N over Q(- 2, - & p) is not ramified. K
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Consider the tower of relative quadratic extensions:
N=Q(- 2, - & p, - ?)
|
Q(- 2, - & p)
|
K=Q(- &2p)
|
Q
The degree 4 number field Q(- 2, - & p) over Q is the unique
unramified quadratic extension of K. Since 2-prim C(K) is cyclic of order
divisible by 4, as noted above, we know that 2-prim C(Q(- 2, - & p)) is
a nontrivial cyclic group. We can be even more specific. If 2-prim C(K)
is cyclic of order 2k, k2, then 2-prim C(Q(- 2, - & p)) is cyclic of
order 2k&1, by 8.4 in [6]. Therefore Q(- 2, - & p) also admits a unique
unramified quadratic extension, which, by (2.2), is N=Q(- 2, - & p, - ?).
We have obtained:
Lemma 2.3. The unique unramified cyclic degree 4 extension N over
K=Q(- &2p) is normal over Q and is given by
N=Q(- 2, - & p, - ?)
N=K(- 2, - ?)=K(- & p, - ?),
with a generator ? as in (2.1).
3. THE RATIONAL PRIMES l
For K=Q(- &2p) with a prime p#7 mod 8, we have determined in
the preceding section the unique unramified cyclic degree 4 extension N of
K, see (2.3). Recall N#Q(- 2, - & p)#K#Q.
We are now concerned with all rational primes l#1 mod 8 for which
( lp)=(
p
l)=+1. Such primes split completely in the degree 4 extension
Q(- 2, - & p) over Q. In this section we will characterize, in terms of
positive definite binary quadratic forms over Z, such primes l that split
completely in the degree 8 extension N over Q.
Let D be the unique dyadic prime in the ring OK=Z[- &2p] of
integers of K. If n+m - &2p # OK were a generator of D, then we would
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have n2+2pm2=2 with n, m # Z, which is impossible. Thus the class cl(D)
of D in the ideal class groups C(K) of K is nontrivial. Because of D2=2OK
we have:
cl(D){1 and cl(D)2=1 in C(K);
that is, cl(D) is the unique element of order 2 in C(K).
Let H denote the Hilbert class field of K. So we have H#N#
Q(- 2, - & p)#K with the ideal class group of K being canonically
isomorphic to the Galois group of H over K:
C(K)$Gal(HK).
By restriction there is an epimorphism Gal(HK)  Gal (NK) and
Gal(NK) is cyclic of order 4. Since 2-prim C(K) is cyclic of order divisible
by 4, C(K)4 is the unique subgroup of C(K) of index 4. Thus
C(K)C(K)4$Gal(NK)
and analogously
C(K)C(K)2$Gal(Q(- 2, - & p)K).
We note that the endomorphisms C(K)  C(K) given by c  ch(K)4 and
c  ch(K)2 where h(K) denotes the class number of K, have kernel C(K)4
and C(K)2 and image the unique cyclic subgroup of C(K) of order 4 and
2, respectively. Thus:
Remark 3.1. Let P be a prime ideal of OK . Then:
P splits completely in N over K if and only if cl(P)h(K)2=1 in C(K);
P splits in Q(- 2, - & p) over K if and only if cl(P)h(K)2=1 in C(K);
that is, if and only if either cl(P)h(K)4=cl(D){1 or cl(P)h(K)4=1 in C(K).
Now let l#1 mod 8 be prime with ( lp)=(
p
l)=+1. We have lOK=PP*
with a pair P, P* of conjugate prime ideals in OK . Since l splits completely
in Q(- 2, - & p) over Q, P splits in Q(- 2, - & p) over K and we con-
clude by (3.1):
Either cl(P)h(K)4=1 or cl(P)h(K)4=cl(D){1 in C(K). Moreover, cl(P*)
=cl(P)&1 and hence cl(P)h(K)4=cl(P*)h(K)4 in C(K). Thus:
Remark 3.2. For l as above, let lOK=PP*. Then: l splits completely
in N over Q if and only if P splits completely in N over K if and only if
cl(P)h(K)4=1 in C(K). l does not split completely in N over Q if and only
if cl(P)h(K)4=cl(D){1 in C(K).
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In terms of the positive definite quadratic form X2+2pY2 over Z we are
going to prove:
Lemma 3.3. Let l#1 mod 8 be prime with ( lp)=(
p
l)=+1. Then: l splits
completely in N over Q if and only if lh(K)4=n2+2pm2 for some n, m # Z
with m0 mod l.
Proof. Let l split completely in N over Q; so cl(P)h(K)4=1 in C(K),
by (3.2), where lOK=PP*. Hence P
h(K)4 has a generator _=n+
m - &2p # OK with
ordP _=h(K)4
ordp _=0 for all prime ideals P/OK , P{P.
Then NKQ (_)=n2+2pm2=lh(K)4 with n, m # Z and we want to show
that m0 mod l.
Assume the contrary: m#0 mod l and hence n#0 mod l. Then
’= ml +
n
l - &2p # OK and _=l’. So, ordP* _=ordP* l+ordP* ’=
1+ordP* ’1, contradicting ordP* _=0.
For the converse let lh(K)4=n2+2pm2 for some n, m # Z with m
0 mod l. Then _=n+m - &2p lies in OK and satisfies NKQ (_)=lh(K)4.
So, l=PP* in OK with
ordP _+ordP* _=h(K)4
ordP _=0 for all prime ideals P/OK , P{P, P*.
Assume that ordP _>0 and ordP* _>0. Then _l=
n
l+
m
l - &2p lies in
OK=Z[- &2p]; hence ml lies in Z, contradicting m0 mod l. By inter-
changing P and P*, if necessary, we may write
ordP _=h(K)4
ordP* _=0
and thus _ # OK generates Ph(K)4; that is, cl(P)h(K)4=1 in C(K) and, by
(3.2), l splits completely in N over Q. K
Next we are going to prove in terms of the positive definite quadratic
form 2X2+ pY 2 over Z:
Lemma 3.4. Let l#1 mod 8 be prime with ( lp)=(
p
l)=+1. Then: l does
not split completely in N over Q if and only if lh(K)4=2n2+ pm2 for some
n, m # Z with m0 mod l.
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Proof. Assume that l does not split completely in N over Q; so, by
(3.2), cl(P)h(K)4=cl(D) in C(K). Hence DPh(K)4 is principal and there
exists a generator _=r+m - &2p in OK of DPh(K)4 with
ordD _=1
ordP _=h(K)4
ordP _=0 for all prime ideals P/OK , P{D, P.
Now NKQ (_)=r2+2pm2=2lh(K)4; clearly r is even and, as in the first
part of the proof of (3.3), we see that m0 mod l. We set r=2n with n # Z
and obtain:
2n2+ pm2=lh(K)4 with n, m # Z, m0 mod l.
For the converse let lh(K)4=2n2+ pm2 for some n, m # Z with m
0 mod l. Then 2lh(K)4=(2n)2+2pm2 and thus _=2n+m - &2p # OK
satisfies NKQ (_)=2lh(K)4. We conclude:
ordD _=1
ordP _+ordP* _=h(K)4
ordP _=0 for all prime ideals P/OK , P{D, P, P*.
Assuming that ordP _>0 and ordP* _>0 we derive a contradiction as in
the second part of the proof of (3.3). Thus we may write again
ordP _=h(K)4
ordP* _=0
and hence _ # OK generates DPh(K)4; that is, cl(P)h(K)4=cl(D) in C(K)
and, by (3.2), l does not split completely in N over Q. K
We will relate both characterizations (3.3) and (3.4) to a Legendre
symbol ( ?l) involving the generator ?=a+b - 2 from (2.1). Recall:
L=Q(- 2), OL=Z[- 2], Pp /OL is an extension of the prime p#7 mod 8
to L and ? # OL generates Pp . Let us deduce that for primes l#1 mod 8
with ( lp)=(
p
l)=1 the symbol (
?
l) is well-defined.
First of all, ? is unique up to multiplication by the square of a unit in
O*L . Moreover, the prime p splits in L over Q. If pOL=PpPp* and
?=a+b - 2 is a generator of Pp as in (2.1), then a&b - 2 is such a gener-
ator of Pp*. Their product (a+b - 2)(a&b - 2) equals &p, hence is a
square modulo l. Finally, the prime l splits in L over Q. If Pl /OL is an
extension of l to L, then the residue field OLPl is isomorphic to
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ZlZ=Fl , the finite field with l elements. Since 2 is a square modulo l
we have : and &: in F*l with :2=2 in F*l . So, we may identify
?=a+b - 2 # OL with a+b: # F*l , and for any two choices ?, ?$ we have
?=?$ in F*l (F*l)2.
Thus
\?l+=\1 is well-defined
\?l+=\
a+b - 2
l + for any choice of a, b # Z as in (2.1).
Recall the inclusions N=L1 (- & p)#L1=L(- ?)#L#Q. The prime l
splits in L over Q. Since ( &pl )=+1, every extension of l to L1 will split
in N over L1 . Thus l splits completely in N over Q if and only if any exten-
sion Pl /OL of l to L splits in L1 over L. That is, l splits completely in
N over Q if and only if ( ?l)=+1. Thus, in terms of the Legendre symbol
( ?l), we have the following reformulation of (3.3) and (3.4).
Proposition 3.5. Let l#1 mod 8 be prime with ( lp)=(
p
l)=+1. Then:
lh(K)4=n2+2pm2 for some n, m # Z with m0 mod l
if and only if \?l+=+1.
lh(K)4=2n2+ pm2 for some n, m # Z with m0 mod l
if and only if \?l+=&1.
Illustration 3.6. For p=7 and 31 with l=193 we illustrate (2.1), (3.3),
(3.4), (3.5).
For p=7 with K=Q(- &14) and h(K)=4 we choose ?=&1\2 - 2,
and for p=31 with K=Q(- &62) and h(K)=8 we choose ?=1\4 - 2
in (2.1).
We have 193=2 } 32+7 } 52, 1932=1312+2 } 31 } 182; so by (3.4) and
(3.3), 193 does not split completely in N=Q(- 2, - &7, - ?), yet 193
splits completely in N=Q(- 2, - &31, - ?).
Hence ( ?193)=&1 for p=7 and (
?
193)=+1 for p=31 according to (3.5),
which of course is consistent, for p=7, with ?=&1\89=88, &90 in F193
and, for p=31, with ?=1\2 } 89=&14, 16 in F193 . K
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The above Proposition (3.5), combined with the following addendum
(3.7), will serve in the next section as the main tool in establishing our goal
of determining the 4-rank of tame kernels in positive definite terms.
For primes l#1 mod 8, the quadratic symbols ((1\- 2)l) and
((2\- 2)l) are well-defined. They satisfy:
Addendum 3.7. Let l#1 mod 8 be prime. Then:
(a) ((1+- 2)l)=+1 if and only if l=x2+32y2 for some x, y # Z.
(b) ((2+- 2)l)=+1 if and only if l#1 mod 16.
Proof. (a) Compare [1], page 70.
(b) For an appropriate choice of a primitive 16th root of unity, we
have 2+- 2=2+!216+! 216=(!16+! 16)2. The claim follows since l splits
completely in Q(!16+! 16) if and only if l splits completely in Q(!16) if and
only if l#1 mod 16. K
4. CHARACTERIZATIONS IN TERMS OF SYMBOLS
In this section we will determine explicitly the 4-rank of the tame kernel
of the fields E=Q(- pl), Q(- 2pl) and F=Q(- & pl), Q(- &2pl) in
terms of the quadratic symbol ( ?l) exhibited in Section 3. Recall that we are
considering primes
p#7 mod 8, l#1 mod 8 with \lp+=\
p
l+=+1.
For any number field, the 2-rank of the tame kernel is given by the so-
called Tate 2-rank formula in terms of the 2-rank of an ideal class group,
cp. 6.1 and 6.3 in [14]. For quadratic number fields, the 2-rank of the tame
kernel has been made explicit in [5]. It is
s+t for real quadratic number fields,
s+t&1 for imaginary quadratic number fields,
where 2s is the number of elements in [\1, \2] which are norms from the
given quadratic field, and t is the number of odd primes which are ramified
in the given quadratic field. For our fields E and F: s=1 and t=2, so
2-rk K2 (OE)=3
(4.1)
2-rk K2 (OF)=2.
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What are the possible values of the 4-rank? Because of p#7 mod 8 we
know that 4-rk K2 (OE)>0, by [2]. Moreover, since E is real, the Steinberg
symbol [&1, &1] of order 2 in K2 (OE) cannot be a square in K2 (OE); thus
0<4-rk K2 (OE)<2-rk K2 (OE) and hence:
4-rk K2 (OE)=1 or 2. (4.2)
Because of p#7 mod 8, we also know for the imaginary fields F that
[&1, &1] is not a square in K2 (OF), by 5.10 in [10], Cor. 3.8 in [11]. So,
4-rk K2 (OF)<2-rk K2 (OF) and hence:
4-rk K2 (OF)=0 or 1. (4.3)
Our task amounts to characterizing when the 4-rank is given by the
larger one, say, of the two possible values in each of (4.2) and (4.3). By the
main result in [10], this determination can be made by just computing the
matrix rank over the field F2 of 3_3 matrices MEQ , M$FQ involving
Hilbert symbols; compare Lemma 5.1 in [10] and the examples concerning
quadratic fields in Section 5.1 of [10].
The 4-rank of K2 (OE), K2 (OF) takes on the largest value possible if and
only if the matrix rank of MEQ , M$FQ , respectively, takes on the smallest
possible value. In our cases the matrices are of the form
0 0 0 1 1 0
MEQ=\:+; ; :+ , M$FQ=\:+; ; :+1 1 0 1 1 0
for some :, ; # F2 . So, just by inspection:
4-rk K2 (OE)=2 if and only if rank MEQ=1
(4.4)
4-rk K2 (OF)=1 if and only if rank M$FQ=1,
which in each case happens if and only if :=0.
Let us be more specific. Since all odd prime divisors of d=\pl, \2pl
are congruent to \1 mod 8 and hence d is a norm from L=Q(- 2) over
Q, we have
d=u2&2w2 with u, w # Z.
The entry : of MEQ , M$FQ is in both cases related to the Hilbert symbol
(&d, u+w)l by
(&d, u+w)l=(&1):,
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thus, in both cases, the matrix rank is 1 if and only if (&d, u+w)l=1.
Now, u+w is easily seen to be on l-adic unit and hence
(&d, u+w)l=(l, u+w)l .
We have obtained in both cases of (4.4) that the matrix rank is 1 if and
only if (l, u+w)l=1; in other words, if and only if the Legendre symbol
( u+wl ) is +1. Thus, we have deduced:
Proposition 4.5. For E, F=Q(- d) with d=\pl, \2pl as above,
d=u2&2w2 with u, w # Z, we have:
4-rk K2 (OE)=2 if and only if \u+wl +=+1
4-rk K2 (OF)=1 if and only if \u+wl +=+1.
In the formulation of (4.5), we now have related the approach from [10]
to the main results earlier obtained by Qin for quadratic number fields by
an independent approach; specifically, compare [11], Table II and [12],
Table I.
We can finish this section by relating the Legendre symbol ( u+wl ) from
this section to the quadratic symbol ( ?l) from Section 3. The result is:
Proposition 4.6. Let d=\pl, \2pl be as above, d=u2&2w2 with u,
w # Z. Then the symbols ( u+wl ) from (4.5) and (
?
l) from (2.1), (3.5) are
related as follows:
\u+wl +=\
?
l+ if d= pl
\u+wl +=\
?
l+\
2+- 2
l + if d=2pl
\u+wl +=\
?
l+\
1+- 2
l + if d=&pl
\u+wl +=\
?
l+\
- 2
l + if d=&2pl.
Proof. Recall that the norm of ? from L=Q(- 2) over Q is &p and
the norm of u+w - 2 from L over Q is d. Let us write
l=NLQ (:+; - 2)
d
l
=NLQ (#+$ - 2)
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with :, ;, #, $ # Z. Then d=NLQ (:+; - 2)(#+$ - 2)=NLQ (:#+2;$+
(:$+;#) - 2), yielding for some choice of u, w:
u+w=:#+2;$+:$+;#.
The symbol ( u+wl ) is 1 if and only if u+w is a square modulo l if and only
if u+w is a square in Z[- 2](:+; - 2). Hence we may replace : by
&; - 2 in the expression for u+w.
Moreover we note that ( ;l)=(
l
;)=+1 since l=:
2&2;2 and hence
clearly every prime divisor of ; is a square modulo l.
So: \u+wl +=\
(u+w) ;
l + .
Now,
(u+w) ;#(&;# - 2+2;$&;$ - 2+;#) ; mod (:+; - 2)
#(&# - 2+2$&$ - 2+#) ;2 mod (:+; - 2)
#(1&- 2)(#&$ - 2) ;2 mod (:+; - 2)
which is a square modulo :+; - 2 if and only if (1+- 2)(#+$ - 2) is.
Therefore: \u+wl +=\
1+- 2
l +\
#+$ - 2
l + .
This identity will yield our claim in each of the four cases.
For d= pl we have dl= p=&NLQ (?),
so #+$ - 2=(1+- 2) ?, up to squares;
yielding \u+wl +=\
?
l+ .
For d=2pl we have dl=2p=&2NLQ (?),
so #+$ - 2=- 2 ?, up to squares;
yielding \u+wl +=\
?
l+\
2+- 2
l + .
For d=&pl we obtain accordingly from the first case
\u+wl +=\
?
l+\
1+- 2
l +
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and for d=&2pl we obtain as well from the second case
\u+wl +=\
?
l+\
2+- 2
l +\
1+- 2
l +=\
?
l+\
- 2
l + ,
as claimed. K
5. CHARACTERIZATIONS IN POSITIVE DEFINITE TERMS
The upshot of the preceding two sections will be that for all fields
Q(- \pl), Q(- \2pl) under consideration we can determine the 4-rank
of the tame kernel in terms of the binary positive definite quadratic forms
X2+32Y2, X2+2pY 2, 2X2+ pY 2.
In all cases, a combination of (3.5), (3.7), (4.5), and (4.6) will yield the
desired results. In order to state the characterizations in positive definite
terms it will be convenient to introduce the following terminology:
Definition 5.1. For primes p#7 mod 8, l#1 mod 8 with ( lp)=(
p
l)=
+1 and K=Q(- &2p) we say:
l satisfies A+ if and only if l=x2+32y2
for some x, y # Z
l satisfies A& if and only if l{x2+32y2
for all x, y # Z
l satisfies (2, p) if and only if lh(K)4=2n2+ pm2
for some n, m # Z with m0 mod l
l satisfies (1, 2p) if and only if lh(K)4=n2+2pm2
for some n, m # Z with m0 mod l.
Let us start with the real quadratic fields E=Q(- pl), Q(- 2pl). We
know by (4.2) that 4-rk K2 (OE)=1 or 2 and obtain:
Theorem 5.2. Let p#7 mod 8, l#1 mod 8 be primes with ( lp)=(
p
l)=+1.
If E=Q(- pl) then:
4-rk K2 (OE)=1 if and only if l satisfies (2, p);
4-rk K2 (OE)=2 if and only if l satisfies (1, 2p).
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Proof. By (4.5) we have 4-rk K2 (OE)=2 if and only if ( u+wl )=+1;
hence, by (4.6), if and only if ( ?l)=+1; hence, by (3.5), if and only if l
satisfies (1, 2p) .
And, by the same references:
4-rk K2 (OE)=1 if and only if \u+wl +=&1
if and only if \?l+=&1 if and only if l satisfies (2, p). K
Theorem 5.3. Let p#7 mod 8, l#1 mod 8 be primes with ( lp)=(
p
l)=+1.
If E=Q(- 2pl) with l#1 mod 16, then:
4-rk K2 (OE)=1 if and only if l satisfies (2, p);
4-rk K2 (OE)=2 if and only if l satisfies (1, 2p).
If E=Q(- 2pl) with l#9 mod 16, then:
4-rk K2 (OE)=1 if and only if l satisfies (1, 2p);
4-rk K2 (OE)=2 if and only if l satisfies (2, p).
Proof. As above we have 4-rk K2 (OE)=2 if and only if ( u+wl )=+1;
hence, by (4.6), if and only if ( ?l)((2+- 2)l)=+1; hence if and only if
(( ?l)=+1 and ((2+- 2)l)=+1) or (( ?l)=&1 and ((2+- 2)l)=&1);
hence, by (3.5) and (3.7), if and only if (l satisfies (1, 2p) and
l#1 mod 16) or (l satisfies (2, p) and l#9 mod 16).
Analogously, 4-rk K2 (OE)=1 if and only if (( ?l)=+1 and ((2+- 2)l)
=&1) or (( ?l)=&1 and ((2+- 2)l)=+1), and the claim follows. K
We now turn to the imaginary quadratic fields F = Q(- & pl),
Q(- &2pl). In this case we have by (4.3) that 4-rk K2 (OF)=0 or 1 and
obtain:
Theorem 5.4. Let p#7 mod 8, l#1 mod 8 be primes with ( lp)=(
p
l)=
+1. If F=Q(- & pl) then:
4-rk K2 (OF)=0 if and only if
l satisfies (A+ and (2, p) ) or (A& and (1, 2p) );
4-rk K2 (OF)=1 if and only if
l satisfies (A+ and (1, 2p) ) or (A& and (2, p) ).
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Proof. This time, in view of (4.6), we just have to spell out what it
means that ( ?l)((1+- 2)l)=+1. By (3.5) and (3.7) that is equivalent to
l satisfying (A+ and (1, 2p) ) or (A& and (2, p) ) which henceforth is
equivalent to 4-rk K2 (OF)=1. Thus also the characterization of 4-rk
K2 (OF)=0 follows. K
Theorem 5.5. Let p#7 mod 8, l#1 mod 8 be primes with ( lp)=(
p
l)=
+1.
If F=Q(- &2pl) with l#1 mod 16, then:
4-rk K2 (OF)=0 if and only if
l satisfies (A+ and (2, p) ) or (A& and (1, 2p) );
4-rk K2 (OF)=1 if and only if
l satisfies (A+ and (1, 2p) ) or (A& and (2, p) );
If F=Q(- &2pl) with l#9 mod 16, then:
4-rk K2 (OF)=0 if and only if
l satisfies (A+ and (1, 2p) ) or (A& and (2, p) );
4-rk K2 (OF)=1 if and only if
l satisfies (A+ and (2, p) ) or (A& and (1, 2p) ).
Proof. This time, in complete analogy with the above: 4-rk K2 (OF)=1
if and only if ( ?l)(- 2l)=( ?l)((2+- 2)l)((1+- 2)l)=+1 if and only if
an even number of the three symbols ( ?l), ((2+- 2)l), and ((1+- 2)l)
is equal to &1, all of which have been characterized in the given positive
definite terms. K
In view of the above four theorems, we have accomplished our task.
Theorems (5.2) through (5.5) have the obvious corollary:
Corollary 5.6. If l#1 mod 16, then the 4-ranks of the tame kernels of
the real fields Q(- pl) and Q(- 2pl) are equal and the 4-ranks of the tame
kernels of the imaginary fields Q(- & pl) and Q(- &2pl) are equal as
well.
If l#9 mod 16, then the absolute value of the difference between the
4-ranks of the tame kernels of the real fields Q(- pl) and Q(- 2pl) is 1
and, as well, the absolute value of the difference between the 4-ranks of the
tame kernels of the imaginary fields Q(- & pl) and Q(- &2pl) is 1.
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6. ILLUSTRATIONS, DENSITIES
In view of the characterizations in positive definite terms in Theorems
(5.2), (5.3), (5.4), (5.5) it is now a simple task to efficiently determine the
4-rank of the tame kernel of any given field
E=Q(- pl), Q(- 2pl) F=Q(- & pl), Q(- &2pl)
with primes p#7 mod 8, l#1 mod 8, satisfying ( lp)=(
p
l)=+1. Let
&=4-rk K2 (OQ(- pl)) _=4-rk K2 (OQ(- & pl))
+=4-rk K2 (OQ(- 2pl)) {=4-rk K2 (O(- &2pl)).
Recall that we have &, +=1 or 2 while _, {=0 or 1. Let us realize various
combinations. Because of (5.6), we can expect at most eight different tuples
(&, +, _, {).
Illustration 6.1. Let us choose p=7. The primes l#1 mod 8 with ( l7)=
+1 are the primes l#1, 9, 25 mod 56; the class number h(K) of
K=Q(- &14) is 4. It turns out that all eight combinations of &, +, _, { can
occur. Here are primes l that realize the indicated tuples (&, +, _, {).
l (&, +, _, {)
113 1 1 0 0
193 1 1 1 1
137 2 1 1 0
233 2 1 0 1
617 1 2 1 0
457 1 2 0 1
449 2 2 0 0
2129 2 2 1 1.
Let us explain how, for the last prime l=2129 in our list, the tuple
(2, 2, 1, 1) is obtained. We have l#1 mod 7 } 16 and 2129=729+1400=
272+14 } 102, so l satisfies (1, 2 } 7) . Thus by (5.2) together with (5.3) or
(5.6) it follows:
4-rk K2 (O- 7l)=4-rk K2 (OQ(- 2 } 7 } l))=2.
Also, 2129=81+2048=92+32 } 82, so l satisfies A+. Hence by (5.4)
together with (5.5) or (5.6) we obtain:
4-rk K2 (OQ(- &7l))=4-rk K2 (OQ(- &2 } 7 } l))=1.
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For real quadratic fields E, the confirmation of the Birch-Tate conjecture
provides us with the order of K2 (OE) in terms of the value of the Dedekind
zeta function at &1. That, together with the knowledge of the 4-rank,
sometimes determines the structure of the 2-primary subgroup of K2 (OE).
For example, for E=Q(- 7l) with the first two primes l=113 and 193
in our list one has *K2 (OE)=26 } 32 } 29 and 27 } 373, respectively, and
2-rk K2 (OE)=3, 4-rk K2 (OE)=1 in both cases by (4.1) and (5.2). So, the
structure of the 2-primary subgroup of K2 (OE) is given by
C2_C2 _C16 and C2_C2_C32 , respectively. K
In general, not much seems to be known about densities concerning par-
ticular 4-ranks of tame kernels. In the special case of quadratic number
fields whose discriminant is of small absolute value or has only very few
prime divisors, results on the 4-rank of the tame kernel have been made
explicit in lists and tables e.g. in [3, 4, 7, 11, 12]. As a motivating example
we summarize, compare (25.12) in [6]:
Example 6.2. Let q be a prime.
The structure of the 2-primary subgroup of the tame kernel of the real
quadratic fields Q(- q) is given by:
q=2 : C2 _C2
q#3, 5, mod 8: C2 _C2
q#7 mod 8 : C2_C2 a with a2
q#1 mod 8 : C2_C2 _C2 if q satisfies A&
C2 _C2 _C2 a with a2 if q satisfies A+.
It has been proven in [6], see 21.6 and p. 199, that the sets [q#1 mod 8:
q satisfies A+] and [q#1 mod 8: q satisfies A&] each have a natural den-
sity of 12 in the set of all primes q#1 mod 8.
Hence we may conclude by Dirichlet’s Theorem on primes in arithmetic
progressions that, in the set of all primes q, the subsets
[q: the tame kernel of Q(- q) has 4-rank 0],
[q: the tame kernel of Q(- q) has 4-rank 1]
have natural densities 14+
1
4+
1
8=
5
8 and
1
4+
1
8=
3
8 , respectively. In short, for
real fields Q(- q):
4-rank 0 appears with density 58 ,
4-rank 1 appears with density 38 .
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The structure of the 2-primary subgroup of the tame kernel of imaginary
quadratic fields Q(- &q) is given by:
q=2 : [1]
q#3, 5 mod 8: [1]
q#7 mod 8 : C2
q#1 mod 8 : C2a with a2.
So, for imaginary fields Q(- &q):
4-rank 0 appears with density 34 ,
4-rank 1 appears with density 14 . K
For quadratic fields whose discriminants have two odd prime divisors p,
l we have concentrated on p#7 mod 8, l#1 mod 8 with ( lp)=(
p
l)=+1.
Concerning densities, our choice perhaps is a somewhat involved case. Yet,
in view of the characterizations given in (5.2)(5.5) in positive definite
terms, it might be reasonable to expect some density results in cases like
this one, as well.
Density considerations 6.3. Let us single out Theorem (5.2) for com-
ment. For a fixed prime p#7 mod 8, let
0={l#1 mod 9 prime: \lp+=\
p
l+=+1= ,
01=[l # 0 : l satisfies (2, p)],
02=[l # 0 : l satisfies (1, 2p)].
Consider the fields E=Q(- pl) with l # 0.
By (5.2) we have:
4-rk K2 (OE)=1 if and only if l # 01 ,
4-rk K2 (OE)=2 if and only if l # 02 .
Numerically one obtains: For p=7, there are 9,730 prims l in 0 with
l<106; among them, there are 4, 866 primes that lie in 01 and 4,864 that
lie in 02 (approximate percentages of 50.010 and 49.990).
We might ask: For the fields E=Q(- pl) as above, do 4-rank 1 and
4-rank 2 each appear with natural density 12 ? An affirmative answer will be
given in Robert Osburn’s dissertation.
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Let us comment on the table in (6.1). For a fixed prime p#7 mod 8 and
l in 0 we consider the fields Q(- \pl) and Q(- \2pl). The 4-ranks of
their tame kernels are given by tuples (&, +, _, {).
Numerically one obtains: For p=7, among the 9,730 primes l in 0 with
l<106, the eight possible cases are realized by 1215, 1213, 1228, 1210,
1210, 1228, 1225, 1201 primes l, respectively.
Again, it will be proved in Robert Osburn’s dissertation that each of the
eight possible tuples (&, +, _, {) listed in (6.1) appears with natural density 18 .
It remains to be seen if density results for the 4-rank (or even some
higher 2-power ranks) of the tame kernel of quadratic number fields, in
general, will be in reach. The above approach in positive definite terms
makes numerical computations easily accessible. The characterizations of
particular 4-ranks in terms of quadratic symbols might be some indication
of the existence of densities in some generality.
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